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Abstract
We perform a non-perturbative chiral study of the masses of the lightest pseudoscalar mesons. The
pseudoscalar self-energies are calculated by the evaluation of the scalar self-energy loops with full
S-wave meson-meson amplitudes taken from Unitary Chiral Perturbation Theory (UCHPT). These
amplitudes, among other features, contain the lightest nonet of scalar resonances σ, f0(980), a0(980)
and κ. The self-energy loops are regularized by a proper subtraction of the infinities within a dispersion
relation formulation of the scattering amplitudes. Values for the bare masses of pions and kaons are
obtained as well as an estimate of the mass of the η8. We then match to the self-energies from standard
Chiral Perturbation Theory (CHPT) to O(p4) and resum higher orders from our calculated scalar self-
energies. The dependence of the self-energies on the quark masses allows a determination of the ratio
of the strange quark mass over the mean of the lightest quark masses, ms/mˆ, in terms of the O(p4)
CHPT low energy constant combinations 2Lr8 − Lr5 and 2Lr6 − Lr4. In this way, we give a range for
the values of these low energy counterterms and for 3L7 +L
r
8, once the η meson mass is invoked. The
low energy constants are further constraint by performing a fit to the recent MILC lattice data on the
pseudoscalar masses. An excellent reproduction of the MILC data is obtained, at the level of 1% of
relative error in the pseudoscalar masses, and ms/mˆ = 25.6±2.5 results. This value is consistent with
24.4 ± 1.5 from CHPT and phenomenology and more marginally with the value 27.4 ± 0.5 obtained





Chiral Perturbation Theory (CHPT) is the effective quantum field theory of strong interactions at low
energies [1, 2, 3]. Three flavour CHPT, including strangeness, has already reached a very sophisticated
stage with present calculations at the level of next-to-next-to-leading order (NNLO) or O(p6) [4, 5, 6].
In ref.[7] the masses and decay constants of the lightest octet of pseudoscalar mesons are worked out at
NNLO. One striking fact concerns the much larger O(p6) two loop contribution than the full O(p4) one
to the selfenergies of the pseudoscalars, by around one order of magnitude. In addition, for the kaon and
eta masses, the O(p6) tree level contributions, with the O(p6) chiral counterterms estimated by resonance
saturation, are very large in modulus, by several factors, than the O(p6) pure loop ones and with opposite
sign. As stated in ref.[7] the O(p6) counterterms “seem severely overestimated” due to the complicated
nature of the scalar sector and how these contributions are evaluated there. Hence, this study rises the
interesting question of how one can improve the calculation of the contributions from the scalar sector.
This is an object of study of the present investigation.
Concerning again the importance of the S-wave dynamics, it is well known that the scalar sector is
the source of large higher order corrections to the CHPT series, because of the enhancement of unitarity
diagrams, which definitely slow down the convergence of the perturbative chiral series. As a relevant
example, let us quote the I=0 ππ scattering length, a00, which receives very large higher order corrections
(a 40% correction with respect to the lowest order value). This is more dramatic if it is compared
with the non-resonant I=2 S-wave scattering length, a20, which has negligible higher order corrections
[8, 9, 10]. Even larger higher order chiral corrections due to the I=0 S-wave final state interactions happen
for the lowest order prediction of Γ(η → 3π), more than a factor of 2 [11, 12]. In connection with these
enhancements, because of the self-interactions among the pseudoscalars in S-wave, one has the generation
of the lightest scalar resonances σ, f0(980), a0(980) and κ [13, 14, 15, 16], which are not included as explicit
degrees of freedom but appear as poles in unphysical Riemann sheets of the partial wave scattering
amplitudes. Another novel example, where these large corrections play a role, as we show in this work,
concerns the determinations of the light quark masses from present lattice calculations of the pseudoscalar
masses [17, 18, 19] with three dynamical fermions. In these evaluations lattice results are taken down
to the physical values of the lightest quark masses, mu and md, by employing pure perturbative SU(3)
Staggered CHPT calculations [20], even though one confronts with the problematic S-wave dynamics
plagued of non-perturbative effects. In addition, in SU(3) chiral dynamics one also has the issue of the
much larger value of the s quark mass, ms, with the associated large masses of kaons and etas. In this
respect, the MILC Collaboration reports a value for the ratio ms/mˆ = 27.4±0.5, with mˆ = (mu+md)/2,
inconsistent with its determination from CHPT and phenomenology [21], ms/mˆ = 24.4 ± 1.5. Here,
mu, md and ms are the masses of the up, down and strange quarks, respectively. Because Unitary
CHPT (UCHPT) has proved very successful in dealing, precisely, with the strong meson-meson S-wave
interactions, it is worth employing this scheme as a parameterization to bring down the results from
lattice QCD to the physical lightest quark masses and check whether this disagreement between lattice
QCD and CHPT can be understood better. Here we will employ O(p4) CHPT and supply it with the
corrections from UCHPT of O(p6) and higher. This has proved already very successful in many other
processes like e.g. meson-meson scattering [13, 22, 15], γγ →meson-meson [23], meson form factors
[24, 25, 26], φ [27], J/Ψ [24, 28], η [29], B [30] and D [31] decays, determinations of light quark masses
and Vus [32], etc. The point of considering our S-wave amplitudes, is because the right hand or unitarity
cut is resummed, and then one takes care of such enhancements as well as of the contributions to the
self energies due to the σ, f0(980), a0(980) and κ resonances. Indeed both effects are all intrinsically the
same. One should remark that the generation of these resonances in SU(3) is not due to the largeness of
the strange quark mass. This generation for the σ resonance already occurs in the SU(2) case, with only
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pions. It also occurs even in the chiral limit, where a nonet of light scalar resonances, with properties of
mass and width similar to those of the actual σ meson, is generated [14].
The manuscript is organized as follows. Section 2 is dedicated to the development of the formalism
for the calculation of the self-energies and evaluation of the proper loop integrals. In section 3 the results
without matching with CHPT at O(p4) are given, this is what we call full dynamical self-energies. In
this section we will provide a first approximation to the values of the bare pseudoscalar masses and
to the ms/mˆ ratio. In section 4 the O(p4) CHPT self-energies are introduced and supplemented with
higher order corrections from our formalism. Restrictions on the values of several combinations of CHPT
low energies constants (LECs) are obtained from present determinations of ms/mˆ. In section 5 we
parametrize the MILC lattice QCD data on the pseudoscalar masses as a function of the quark masses,
with a reproduction of the lattice data at the level of around 1%, and predict more constraint values for
CHPT LECs and ms/mˆ. We also compare with other determinations. In section 6 we summarize our
results and conclusions.
2 Formalism
Our starting point is the S-wave meson-meson partial waves both for resonant isospins (I)=0, 1, 1/2
as well as for the much smaller and non-resonant ones, I=3/2 and 2. For the former set we take the
amplitudes of ref.[14]. The interaction kernel employed in this reference comprises the lowest order CHPT
amplitudes together with the exchange of s-channel scalar resonances in a chiral symmetric invariant way
from ref.[33]. These tree level resonances constitute an octet with mass around 1.4 GeV and a singlet
with mass around 1 GeV. On the other hand, the coupled channels are ππ, KK and ηη for I=0, πη and
KK for I=1 and Kπ and Kη for I=1/2. In addition to the resonances explicitely included at tree level,
related to the physical ones around 1.4 GeV like e.g. the K∗0 (1410) or the a0(1450), the approach also
generates dynamically the σ or f0(600), κ, a0(980) resonances and the main contribution to the f0(980)
one. These resonances are generated even when no explicit resonances at tree level are included and
one then obtains a good reproduction of the data for energies below 1.2 GeV [13, 14].#3The basic point
in UCHPT is to resum the right hand or unitarity cut to all orders, the source of the large corrections
produced by the S-wave meson-meson interactions, and perform a chiral expansion of the rest, the so
called interaction kernel, calculating it perturbatively from CHPT [35, 36, 14]. For the non-resonant
isospins 3/2 and 2, not given in ref.[14], we take the kernels for UCHPT at lowest order, that is, the
O(p2) CHPT amplitudes. In fig.1 we show the typical quality in the reproduction of the experimental
data by the amplitudes that we use as input in the calculation of the self-energies.
We only consider the S-waves since the lightest pseudoscalar self-energies are expected to be domi-
nated by low energy physics where the P-waves are kinematically suppressed by small factors of three-
momentum squared. This is true even in the calculations of loops since then, after proper renormalization,
the typical momentum in virtual processes will be bounded and of the same order as the on-shell values.
Indeed, by a comparison of the order of magnitude of our results with those obtained by regularizing
the loops with a three-momentum cut-off, the latter must be around 0.4-0.5 GeV. At such energies only
S-waves matters in very good approximation, which is also clear experimentally. Another signal of the
suppression of P-wave dynamics in self-energies is the fact that it only starts to contribute at the two
chiral loop level. In addition, we recall the discussion in section 1 concerning the fact that the main
source for large higher orders corrections for the chiral expansion, even at low energy, happens from
#3When the ηη channel is also taken into account for the I=0 S-wave, together with the pipi andKK¯ channels, the (1−η2)/4
data are not properly reproduced unless an explicit singlet around 1 GeV is included [14]. However, as stated in the PDG
[34], these data can have much larger uncertainties than the sizes of the given errors.
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Figure 1: Different phase-shifts, inelasticities and mass distributions obtained with the unitarized amplitudes.
The experimental data are from refs. [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49]
the strong meson-meson S-wave interactions in the resonant isospin channels, and our aim is to provide
an estimation of such large effects, relying in the chiral expansion for other contributions that can be
calculated perturbatively.
2.1 Expression for the self-energy
The set of diagrams enhanced in S-wave meson-meson scattering are represented in fig.2a, for the process
PQ → PQ. Now, we want to calculate the contribution to the pseudoscalar self-energies from these
enhanced diagrams. The solution is transparent from the diagrammatic point of view, fig.2b. It consists of
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Figure 2: Fig.2a represents the S-wave amplitude PQ → PQ and fig.2b is the diagram for the calculation of the
self-energy of the pseudoscalar P due to the intermediate pseudoscalar Q.
The evaluation of the diagram fig.2b can be better recast as in fig.3. In this figure the pseudoscalar field
P enters with an arbitrary four momentum p and the filled circles correspond to the full P → Q1Q2Q3
amplitude. Applying the Cutkowsky rules one can evaluate the discontinuity of this diagram due to the
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Figure 3: Self-energy diagram. P is the incident pseudoscalar with arbitrary timelike four-momentum p and Q1,
Q2 and Q3 are the intermediate pseudoscalars. The filled circles correspond to the full P ↔ Q1Q2Q3 amplitudes.
Now, the expression between brackets is nothing else but the unitarity condition for the PQ1 → PQ1
amplitude due to the intermediate (Q2Q3) state. This condition determines the discontinuity of a physical
amplitude across the right hand or unitarity cut. Of course, there is still an integration over ~q since one
must sum over all the intermediate momentum-defined on-shell states of the pseudoscalar Q1. This is
what we meant above by joining the Q lines in the PQ → PQ S-wave amplitude. The discontinuity
shown in eq.(2.1) is the right hand cut present in the PQ1 → PQ1 S-wave amplitude calculated for





T (PQ1 → PQ1) , (2.2)
has the same discontinuity as that of eq.(2.1), with T calculated within our scheme having only the right
hand cut. Notice that we have made use of crossing for relating T (P → Q1Q2Q3) with T (PQ1 → Q2Q3).
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The expressions closed between brackets correspond to the unitarity cuts of PQ2 → PQ2 and PQ3 →
PQ3, due the intermediate states (Q1Q3) and (Q1Q2), respectively. For different Qi, none of these cuts
are included in eq.(2.2) because our amplitudes are not crossing symmetric. However, we can calculate
PQ2 → PQ2 and PQ3 → PQ3, in the same way as PQ1 → PQ1, with the appropriate unitarity cuts
of eqs.(2.3) and (2.4). If some of the Qi are equal then we must not sum twice since the discontinuity
is already taken into account. Then our expression for the self energy of the pseudoscalar P due to the








with Q = {π+, π−, π0,K+,K−,K0,K0, η} and s1 = (MP −EQ(k))2−k2 for p = (MP ,~0). Of course, the
previous equation is invariant under Lorentz transformation as must be the case for a self-energy because
a meson-meson scattering amplitude is a Lorentz scalar. The sum in eq.(2.5) is over all the species of








Figure 4: Tadpole diagram for the self-energy of the pseudoscalar P .
Diagrammatically it is clear that apart from fig.2 one should consider the crossed process in which the
two P ’s appear on the same side of the diagram, as shown in fig.4. Notice that in fig.3 we were driven to
consider the amplitudes PQi → PQi, but one also has the t−crossed process PP → QiQi that should be
taken into account. Hence, we finally have a new expression analogue to eq.(2.5) but with PP as initial










In ΣtadP one sums only over particles (without including the sum over antiparticles) since in the final
state both particles and antiparticles happen and otherwise one is double-counting. Finally, λQ = 1 for
π+, K+ and K0 and λQ = 1/2 for π
0 and η, because they are their own antiparticles. These warnings
also happen in the standard calculations of tadpoles with the use of Feynman rules because of the same
reasons.







with ΣUP given in eq.(2.5) and Σ
tad
P in eq.(2.6). In particular, in terms of the amplitudes for the different
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3T I=0ηη→ππ(0)− 2T I=0ηη→KK¯(0) + T I=0ηη→ηη(0)
]
(2.8)
One remarkable fact of eqs.(2.5) and (2.6) is that the strong amplitude appears on-shell so that we
can employ our previously calculated strong T-matrices evaluated on-shell, and well confronted with
experiment. For the Tij amplitude, for channel i going to channel j, we will restrict ourselves to the
S-waves since they are the aim of our study because they are enhanced for I=0, 1 and 1/2, as previously
remarked.
The integral in eq.(2.5) for ΣUP is ultraviolet divergent since for large three-momentum the measure
grows as k2 and TPQ→PQ(s1) tends to 1/ log s1 or constant for |s1| → ∞. This, together with the factor
EQ(k) in the denominator, gives rise to a quadratic divergence. For Σ
tad
P , eq.(2.6), one has the same type
of divergence as TPP→QQ is evaluated at s1 = 0 and is a constant.
PP
Q
Figure 5: O(p4) contribution of figs.2b and 4b. The loop is the only one appearing at O(p4) CHPT.
A general coupled channel S-wave T-matrix from ref.[14], e.g. that involving ππ, KK¯ and ηη in I=0,
has the structure,
T = [I +K ·G]−1 · K , (2.9)
with K the interaction kernel that comprises the lowest order CHPT amplitudes plus the s-channel
exchange of some scalar resonances, as told above, and G corresponds to the unitarity bubbles shown in
fig.2. For more details see ref.[14]. The previous equation has the expansion,
T = [I −K ·G+K ·G · K+ . . .] · K . (2.10)
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We notice that when T = K2 (the lowest order CHPT amplitudes), one has zero unitarity bubbles in
fig.2b and fig.4b, and then both figures give the same diagram. This only happens for K2 at lowest order
in CHPT, without the exchange of resonances, because for the latter the resonance propagators have
different four-momentum and the diagrams are different. The local term K2 gives rise to the one loop
diagram shown in fig.5, the only one that appears at next-to-leading order (NLO) in CHPT (at this order
the rest of contributions come from local counterterms [2, 3]). In order to avoid this double-counting we
then subtract the O(p4) contribution to the integral in eq.(2.5), fig.2b. This is done explicitely below in
eq.(2.33).
2.2 Regularization and renormalization
We now proceed with the evaluation of the integral in eq.(2.5) for ΣUP . The integral in eq.(2.6) for Σ
tad
P
is a particular case of the previous evaluation since Tij here is evaluated at s1 = 0 and is just a constant.










We now introduce the new variable
t =MQ/EQ , (2.12)

























with ε positive and small, taking at the end the limit ε→ 0+. Notice that since ε =MQ/Λ, with Λ≫MQ
the upper limit in the three-momentum of eq.(2.11), the previous limit is equivalent to Λ → +∞. In
performing this limit we must identify those terms that scales as 1/ε2, 1/ε (equivalently as Λ2, Λ) and
remove them from the result. In order to remove infinities one must work out algebraic expressions for
the previous integral that explicitely show these diverging powers of ε. The problem of accomplishing this
aim is the complicated matrix expression for the strong amplitude that prevents us from giving a close
expression for the integral in eq.(2.14). However, we are only interested in isolating the dependence in ε
and this can be done by performing a dispersion relation representation for TPQ→PQ(s1) in the physical
Riemann sheet. In this way, the dependence on s1 is given in simple terms, as we show below, allowing
then to obtain the dependence on ε of the integral in eq.(2.14). The TPQ→PQ(s1) amplitude from ref.[14]
has only one cut, the right or unitarity one, and tends to 1/ log s1 or constant when s1 →∞. In order to
perform the dispersion relation we take as integration contour a circle in the infinity deformed to engulf
the real axis along the right hand cut , sth < s1 <∞, with sth the lightest meson-meson threshold with
the PQ S-wave quantum numbers. We take one subtraction because of the aforementioned behaviour of
Tij(s1)
#4 at infinity. Then we have:













(sRℓ − s1)(sRℓ − s2)
, (2.15)
#4We take now this shorter notation instead of the longer TPQ→PQ(s1). The subscripts i refer to the initial state and j
to the final one
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with s2 the point where the subtraction has been performed. In addition, N is the number of poles of
Tij(s) in the physical Riemann sheet and R
(ℓ)
ij is the residue of the ℓth pole at the position s
R
ℓ . Because of
the Schwartz reflection principle any partial wave satisfies that Tij(s
∗) = Tij(s)
∗, so poles always appear
as pairs in relative complex conjugate positions with complex conjugate residua. Taking then s2 real in
eq.(2.15) the contribution from the sum of poles is real for s1 on the real s-axis.
A physical partial wave should not have any pole on the physical sheet with non-vanishing imaginary
part. But notice that the lowest order CHPT S-wave amplitudes in I=1/2 (Kπ → Kπ, Kπ → Kη and
Kη → Kη) have each of them one pole at s = 0 due to the kinematical reason of having different masses,
see ref.[14] for explicit expressions of those amplitudes. This pole at s = 0 for the interaction kernel
drives the appearance of a pole in the final Kπ → Kπ S-wave typically at around s = −0.25 GeV2, not
far away from its lowest order value. This poles gives rise to a non-negligible effect in the calculation of
the π self-energy. There are also other poles with non-zero imaginary part. Reassuringly, these poles are
always far away of the physical axis giving small and soft contributions to the real part of Tij(s1) and
are negligible for the calculation of self-energies. One also has to take into account that the amplitudes
of ref.[14] can be improved by considering a more elaborated kernel by evaluating higher orders in the
chiral expansion [50, 51, 52].
Let us proceed with the evaluation of the renormalized value of the divergent integral eq.(2.14) making
use of the representation given in eq.(2.15) for the S-wave T-matrix elements. Both the contributions









s′ − s1(t) . (2.16)
For the sum over the poles in eq.(2.15) the variable s′ must be replaced by sRℓ . For convenience, new
variables a and b are introduced as follows,
a = ν − s2
2MPMQ




with ν = (M2P +M
2
























1− bt . (2.18)



































Now, when sending ε→ 0+ both terms on the r.h.s. of the second equality diverge. Performing a power
series around ε = 0 one has −1/2ε2 + (1− 2 log ε/2)/4 +O(ε2). The first term in this sum diverges like
ε−2 and should be reabsorbed by appropriate chiral counterterms. The terms with positive powers of ε,





















The renormalization scale µ is introduced in the previous equation. In sending Λ→ +∞ (ε→ 0+), again



















=, used for expressing our renormalized integrals, means equal up to terms divergent
as ε−2, ε−1 or log ε, when ε → 0+. When giving our results we shall vary µ between 0.5 GeV and 1.2
GeV, taking care in this way of possible constants of order one that may change depending on the chosen
renormalization scheme. E.g. the difference between our procedure and the results in the MS scheme in
dimensional regularization. This variation in µ will be a source of uncertainty in our results and it will
be consider in the error analysis.
We now consider the other remaining integral in eq.(2.18). First let us assume that |b| > 1, which is


























1− 1/bt , (2.22)
where we have made an expansion of 1/(1−1/bt) in powers of 1/bt, keeping the remaining term. The finite
contribution of the last term is suppressed by powers of (1/b)K+1, together with a further suppression of
the type 1/K from the 1/tK+4 factor in the integrand. In this way, the result is given as a sum in powers
of 1/b (for |b| > 1) and convergence is reached typically for K & 10. In our calculations we have kept K
around 30 to have good numerical precision. The finite result kept from each term in the sum of the first
integral in the previous equation is determined as previously discussed for eq.(2.21). We give in table 1










, n ≥ 0 . (2.23)
The coefficients cn for n odd are zero, simply because the expansion of
√
1− t2 involves only even powers
of t. We shall also present afterwards another method to calculate these integrals without involving any
power expansion. We advance that both method coincide, which is a crossed check of our expressions
and codes. We shall come back to this point below in this section.
cn Value cn Value
c0 0.5966 − 0.5000 logMQ/µ c8 0.0043 − 0.0273 logMQ/µ
c2 0.0554 − 0.1250 logMQ/µ c10 0.0027 − 0.0205 logMQ/µ
c4 0.0173 − 0.0625 logMQ/µ c12 0.0018 − 0.0161 logMQ/µ
c6 0.0079 − 0.0391 logMQ/µ c14 0.0013 − 0.0131 logMQ/µ
Table 1: Values calculated for the coefficients cn of eq.(2.23), n ≤ 14. Coefficients with n odd are zero.
Hence, for |b| > 1,
J(a, b) ≡ J+(a, b) = 1
4
(








, |b| > 1 , (2.24)
with a(s2) and b(s
′) as arguments for the function J .
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Let us now consider the case |b| < 1 in the calculation of the last integral of eq.(2.18) which occurs for
























1− bt . (2.25)
Again the finite contribution of the last integral in the previous equation is suppressed for large K and








1− t2 , n ≥ 0 , (2.26)
and then for |b| < 1 one has,
J(a, b) ≡ J−(a, b) = 1
4
(







n , |b| < 1 . (2.27)
Notice that c′n is divergent only for n = 0 and 1, for n ≥ 2 is an ordinary definite integral. In table 2 we




c′0 −1.5708 c′6 0.0982













Table 2: Values calculated for the coefficients c′n of eq.(2.26) for n ≤ 11.
In terms of the results of eqs.(2.24) and (2.27) we are now in disposition to provide expressions for
the integral of eq.(2.14). We split it in several parts corresponding to the dispersive integral, subtraction
constant and poles.
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(s′ − s2) J+(s
′, s2) (2.28)
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Notice that (MP +MQ)
2 ≥ sth. Let us remark that J+(s′, s2) vanishes like −1/s′ for s′ → ∞, as it is
clear from eq.(2.24) taking into account that c0 = (1− 2 logMQ/2µ)/4. This is why all the last integrals
in the previous equations converge for s′ → +∞.



























ℓ )) , (2.30)
because as told above the same integral eq.(2.16) also takes place in this case with s′ → sRℓ . We have
only J+(a, b) since for this case always |b| > 1 as the poles happens far away in the complex plane or
on the negative s-axis. The minus sign in front of eq.(2.30) appears because for each pole, according to
eq.(2.15), one has s2 − s1 in the numerator while in the dispersion integral s1 − s2 occurs.
Thus, the contribution to the self-energy of the pseudoscalar P calculated from eq.(2.14) is given by
the sum of eqs.(2.28), (2.29) and (2.30) times M2Q/(2π)
2. Of course, one must in addition sum each
contribution for every pseudoscalar Q, according to eq.(2.5), giving rise to ΣUP .
One has still to remove from the previous sum its O(p4) contribution to avoid double-counting with
the tadpole contribution, as explained above after eq.(2.10). This is achieved by evaluating eq.(2.5) with
TPQ→PQ given by its O(p2) expression. A general CHPT S-wave amplitude at O(p2) has the form,
T
(2)




The last term in the sum only appears for the I=1/2 Kπ and Kη coupled channel amplitudes involving


































t− f , (2.32)
with f = 1/ν (f < 1 when C 6= 0) and sA = M2P +M2Q. The second integral in this equation vanishes






















= −T (2)ij (sA)
1
4








with the coefficients cn given in eq.(2.23).
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The other contribution to ΣP is Σ
tad
P , eq.(2.7). Its calculation, eq.(2.19), is straightforward and is





































with Q = {π0, π+, π−,K0,K0,K+,K−, η} and Q′ = {π0, π+,K+,K0, η}. Notice that after the sub-









2 by substituting Tij(0) in eq.(2.34) by T
(2)
ij (0), the corresponding lowest order CHPT am-
plitude. In this O(p4) chase we have checked that ∑Q′ IPQ′tad M2Q′/(2π)2 reproduces the CHPT infrared
logarithms on the quark masses in CHPT at O(p4) [3].
The integral of eq.(2.16), J(s′, s2), can also be integrated in terms of elementary functions, in numerical
agreement with the results obtained from the series expansions.


































t− 1/b . (2.36)











1− t2 − c arcsin t+ (1− c2)
∫
dt
(t− c)√1− t2 , (2.37)




































, − 1 < b < 0 , (2.38)










+ (a− b)b log 2
ε
− (a− b)b(1− 1/b2) I˜ . (2.39)
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In the expressions given for I˜ with |b| > 1 in eq.(2.38), the first two lines, one has log(ε + 1/|b|) =
log ε + log(1 + 1/ε|b|). This last term gives rise to an infinite series of divergent terms in powers of
1/(|b| ε)n for |b| > 1 which are removed in the regularization process. Substituting also log ε by logMQ/µ,













+ (a− b)b log 2− (a− b)b(1−
√




1− 1/b2 log(1 +
√
1− 1/b2) , |b| > 1 , (2.40)


















, |b| < 1 .
These results agree numerically with the series of eq.(2.24) and (2.27), respectively, and can be used
independently. In terms of these integrals one then evaluates all the contributions in eq.(2.35). Eq.(2.40)
implies that for |b| > 1 then J(a, b) cancels like ∝ a/b when |b| → ∞. This is why, the integration over
s′ in IPQdisp, eq.(2.28), converges for s
′ →∞, as we have seen already in terms of the expansion eq.(2.24).
Furthermore, this behaviour for |b| → ∞ for J(a, b) is also interesting in the sense that if we take s2 such
that a = 0 then J(a, b) will vanish like O(b−2) for b→∞. One can take advantage of this fact since the
pole contributions will tend to vanish because poles typically appear with large values of sRℓ and then
with |b| large. Thus, we fix s2 = sA = M2P +M2Q in the following which, from eq.(2.17), implies that
a = 0. This choice also makes that all contributions in eq.(2.35) have natural size.
We shall often remove the O(p4) contribution to ΣP and then write ΣHP for its contributions of O(p6)
and higher. As mentioned, this is obtained by the replacement Tij(0) → Tij(0) − T (2)ij (0) in eq.(2.34)
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(2Lr8 − Lr5) , K4 = (2mˆ+ms)
16B0
F 20
(2Lr6 − Lr4) ,







































B0(mˆ+ 2ms) , (2.43)
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and B0 measures the strength of the quark condensate 〈0|q¯q|0〉 = −F 20B0 + O(m2q) in the SU(3) chiral

























On the other hand, the Lri coefficients are the renormalized values of the low energy CHPT counterterms
at O(p4) from ref.[3].
















Q originates from the dependence on
the explicit inclusion of the quark mass matrix in CHPT from where the interaction kernel K is calculated
[14].
Once we subtract from ΣP the O(p4) contribution and add then the pure CHPT result, eq.(2.41), we






















that reproduces the CHPT self-energies up to O(p4) and resums the higher order contributions from the
diagrams of figs.2 and 4
Our analysis is performed in the isospin limit, mu = md = mˆ and then M
2
P above refers to the masses
of the lightest pseudoscalars in the isospin limit. To determine these masses we employ the Dashen
theorem [53] which states that at the lowest nontrivial order in e2 the neutral particles π0 and K0 do not
receive electromagnetic contributions, while these are the same for M2π+ and M
2
K+ . In this way,
M2π =M
2
π0 ≃ (135 MeV)2 , M2K = (MK+ +M2K0 −M2π+ +M2π0)/2 ≃ (495 MeV)2 , (2.47)
are taken as the pion and kaon masses in the isospin limit, respectively. Violations of the previous
relation for the pion mass are expected to be tiny, O((mu − md)2) [3], from the pure QCD side,
and O(e2m2π/(8π2f2π)) from electromagnetic interactions for the π0 mass. More substantial seems to





K0 − (1 + δD)(M2π+ −M2π0)
]
/2, with δD measuring the deviation with respect to the Dashen
theorem, then as a conservative estimate, δD is expected to be in the range 0− 2 [18] from refs.[55, 56].
But even so, the changes in M2K are at most a 0.5%, which can be discarded within the definitely larger
uncertainties of our calculations, to be shown in the next sections.
3 Dynamical self-energies




π,K (equivalently for B0mˆ and B0ms, see
eq.(2.43)) and for M2η . In this section the η is actually the η8 since we are not including any source of
η − η′ mixing. The distinction between the η and η8 is accomplished in the next section when matching
with CHPT to O(p4) through the L7 counterterm [3]. Having made this point clear, along this section
we will however still denominate the η8 mass by Mη, unless the symbol Mη8 is explicitely used.
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In perturbative studies one solves iteratively eq.(2.45). In this way, for the first round, we will use












P − ΣP (M2Q;M2Q) , (3.48)
with the resulting values (in MeV):
◦
Mπ= 108± 4 ,
◦
MK= 422 ± 18 , Mη = 660 ± 17 . (3.49)
The errors are calculated by performing a Monte-Carlo sampling of the free parameters of the T-matrix
of ref.[14], within the errors there given,#5 and the renormalization scale µ introduced above in the
evaluation of the self-energies, eq.(2.19), between 0.5 and 1.2 GeV. This will be the standard procedure
to evaluate errors in our work and should be understood in the following.
Performing one more iteration in eq.(2.45), i.e. using the previous bare masses in the appropriate
arguments of the self-energies, it results
◦
Mπ= 158± 7 ,
◦
MK= 511 ± 12 , Mη = 627 ± 15 . (3.50)








K , which is a clear
indication that higher orders corrections, of O(p6) and superior, are relevant for the calculation of the
lightest pseudoscalar self-energies in SU(3), as shown in ref.[57], where the masses where calculated at
O(p6) in CHPT.
Because of the large variation between the values in eqs.(3.49) and (3.50), the eqs.(2.45) should be
solved exactly. A first method for solving them is by iteration and after i iterations the approximated
































































Since we are now varying the bare masses employed in the kernels for the T-matrices we refit the data for
every value of the given bare masses. Then the T-matrix changes as a function of the values employed in
each step. However, we observe that the values of the free parameters of the kernel [14] change within the
error band given to them and, hence, this refitting process is indeed accounted for by the error analysis.
Another technicality, that only applies in this section where we distinguish between Mη and Mη8 masses,
is in order. When solving and/or iterating eq.(2.45) for M2η , we will always keep for the evaluation of the
S-waves the physical mass of the η meson in the calculation of the Gηπ, GKη and Gηη functions in eq.(2.9).
This is done because the physical data, shown in fig.1, are sensible to the physical thresholds involving
the η meson (like ηπ with I=1, Kη in I=1/2 or ηη in I=0). Otherwise we cannot fit the experiment. Let
us recall that the Gi functions are the responsible for unitarity and the right position of physical cuts.
#5We have made a new fit, including some more recent data, and the resulting fit has central values for the free parameters
that are compatible with those of ref.[14], within the shown errors in this reference.
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We also solve eq.(2.45) in another way having then two independent numerical methods to compare















 ◦M 2η +Ση( ◦M 2Q;M2Q)−M2η
M2K
2 . (3.52)
This method is more robust than the iterative one, since it can provide solutions where the former
does not converge, as we show explicitely below when we discuss cases from eq.(2.46). In our present
case both methods give the same values (in MeV),
◦
Mπ= 126± 4 ,
◦
MK= 476 ± 10 , Mη = 635 ± 15 . (3.53)
One observes significant variations between the exact result and the first and second iterated solutions,
eq.(3.49) and (3.50), respectively. It is then worth stressing the importance of solving eqs.(2.45) exactly.









= 0.11 ± 0.06 , 0.08 ± 0.04 , 0.26 ± 0.06 , (3.54)
for pions, kaons and etas, respectively. We then observe that most of the physical masses of the pseu-
doscalars is due to the bare mass and that the dynamical contributions because of their self-interactions




η= 545 MeV from the
Gell-Mann-Okubo relation, eq.(2.44), and the pion and kaon bare masses of eq.(3.53)). We then favour
the standard CHPT scenario, where the linear quark mass term is assumed to dominate the pseudoscalar
masses, versus the generalized one [58]. The Mη8 that we obtain, around 635 MeV, is larger than the one
of the η physical meson, 547.45 MeV, that is very close to the bare η mass calculated from Gell-Mann-
Okubo. Our value for Mη8 is very similar to that of ref.[59], Mη8 = 639 MeV, obtained by saturating
the O(p4) CHPT counterterms from the tree-level exchange of explicit scalar resonance fields. However,
since the first scalar nonet of the lightest resonances is dominantly from dynamical origin we consider
our approach more reliable since this is the way in which the lightest scalar resonances are realized in
nature.
We also show our results for the solution of eq.(2.45) using the parameters in the S-waves with their
values determined by fitting experimental data employing always physical masses in the interaction kernel.
That is, we do not refit them in terms of the bare masses, as done to calculate the previous numbers
eq.(3.53). Differences would be of higher order in the kernels. The resulting numbers are in fact very
similar to those already determined,
◦
Mπ= 125± 4 ,
◦
MK= 477 ± 10 , Mη = 633 ± 15 . (3.55)
Thus, the process of refitting the free parameters in the S-waves by distinguishing between physical and
bare masses, where it corresponds, just introduces minor corrections (compared with the quoted errors)
and will not be further considered in the subsequent.
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First set Second set Third set
ref.[57] ref.[60] ref.[61]
Lr4 0 0.22 ± 30 −0.3± 0.5
Lr5 0.97 ± 0.11 - 1.4± 0.5
Lr6 0 - −0.2± 0.3
L7 −0.31 ± 0.14 - −0.4± 0.2
Lr8 0.60 ± 0.18 - 0.9± 0.3
2Lr6 − Lr4 0 −0.22 ± 0.30 −0.1± 0.8
2Lr8 − Lr5 0.23 ± 0.38 - 0.4± 0.8
3L7 + L
r
8 −0.33 ± 0.46 - −0.3± 0.7
Table 3: Typical values for Lri (Mρ) × 103 O(p4) χPT counterterms. For the value of 2Lr6 − Lr4 given in
the second set it has been assumed that Lr6 = 0, as in the first and third sets.
Taking into account the expression for the bare masses in terms of the quark masses, eq.(2.43), and













− 1 = 27.1± 2.5 . (3.56)
This value has not involved any new free parameters once the strong T-matrices have been given. This
number, within errors, is in the bulk of other determinations, rm = 25.7 ± 2.6 from O(p4) CHPT [3], or
with the more refined one of ref.[21], rm = 24.4±1.5, and also with lattice determinations [18], 27.4±0.5.
4 Including O(p4) CHPT self-energies
In this section we include the CHPT self-energies at O(p4) and correct them by adding ΣHP , defined just
before eq.(2.41), resuming in this way the effects of higher orders corrections (O(p6) and higher). Because
in this section we include the CHPT self-energies up to O(p4), the η − η′ mixing is then incorporated
at this order by the counterterm L7 and Mη is fixed to its physical value [3]. Eq.(2.46) incorporates the
combinations of the low energy constants L(5,8) ≡ 2Lr8 − Lr5, L(4,6) ≡ 2Lr6 − Lr4 and L(7,8) ≡ 3L7 + Lr8,
as explicitely shown in eqs.(2.41) and (2.42). In table 3 we show typical values for these O(p4) LECs
from ref.[57], which includes in its fits the O(p6) CHPT amplitudes, another value for Lr4 [60], as well
as the values from the O(p4) study of ref.[61]. All the LECs shown in the present work are given for a
renormalization scale equal to Mρ. In this table, it should be understood that when the value for a given
Lri is not shown then it is the same as for the first set [57]. We also show explicitely for each set the
values of L(4,6), L(5,8) and L(7,8).
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Figure 6: Contour-plot for rm = ms/mˆ as a function of L(4,6) and L(5,8). The circle corresponds to the third set
and the square to the first one in table 3. For more details see the text.




















we then solve for L(7,8).
Eq.(4.57) is solved simultaneously by the iterative and fit methods, as discussed in the previous sec-
tion.#6 Both methods agree when the former converges but, as told above, the fit method is able to
provide solutions to eq.(4.57) even when the iterative one does not converge. This occurs in our present
case due to the large variation allowed in the values explored for the Lri .
In fig.6 we show by contour-plot lines the calculated values for rm = ms/mˆ as a function of L(4,6) and
L(5,8).
#7 The up-left corner where no contour lines are plotted determines a region where no solutions of
eq. (4.57) are found. The range of values for 2Lr6−Lr4 and 2Lr8−Lr5 has been chosen to span generously the
values of table 3 within errors. If one takes into account the value of ms/mˆ from CHPT [21], 24.4± 1.5,
the preferred region of 2Lr6 − Lr4 and 2Lr8 − Lr5 would be about in between the 23 and 26 contour lines.
The shadowed areas below and above these lines represent the uncertainties of our calculation in these
lines due to the variation in the renormalization scale, µ ∼ [0.5, 1.2] GeV, and in the input parameters for
the S-waves. Hence, they delimit the allowed bounded region of 2Lr6−Lr4 and 2Lr8−Lr5 that is permitted
if the result ms/mˆ = 24.4 ± 1.5 [21] is taken. The same kind of considerations could be done for any
other value taken for ms/mˆ. The stripped region will be explained below.
It is worth comparing the result in fig.6 with the calculation obtained by considering the self-energies
only up to the O(p4) CHPT. The latter calculation is shown in fig.7. The difference is typically about
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Figure 7: Contour-plot for rm = ms/mˆ as a function of L(4,6) and L(5,8) obtained by employing only the O(p4)
CHPT self-energies.
2-3 units between both calculations. This makes manifest the important role of the orders higher than
fourth one.
In fig.8, within the same range for L(5,8) and L(4,6) as in fig.6, we show by contour plots the values
for L(7,8) resulting of solving eq.(4.58). In an analogous way to the ms/mˆ case, one can delimit a region
of allowed combination of LECs by providing some numerical input for L(7,8). If one considers the value
of L(7,8) = −0.33 ± 0.46 [57] at O(p6), and L(7,8) = −0.3 ± 0.7 [61] at O(p4), the preferred L(5,8), L(4,6),
region would be roughly in the interval [−1, 0.4]. Again the shadowed area along these lines represents
the uncertainties of our calculation in these lines.
The stripped area in figs.6 and 8 represents the overlap between the allowed regions of both figures.
In the next section we will restrict further this region by invoking lattice QCD.
5 Including lattice QCD
In order to obtain a sharper determination for the self-energies and quark mass ratio rm, we employ our
eq.(2.46) to reproduce the quark mass dependence of the recent lattice determinations of pseudoscalar
masses from the MILC Collaboration [17] with three dynamical quarks, u, d and s. These determinations
are nowadays performed for higher values of the masses of the lightest quarks, u and d, and parameter-
izations are needed to bring them down to physical values and determine mu, md and ms [18, 19]. We
must say that we do not consider effects from the finite lattice volume and finite lattice spacing. Our aim
here is just to have more points with which to compare, including those for unphysical values of quark
masses and not only the physical ones, so that we can obtain a more constraint determination for L(5,8)
and L(4,6). Indeed, we believe that the other sources of errors in our calculations are by far much larger
than those lattice artifacts.
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Figure 8: Contour-plot for L(7,8) as a function of L(4,6) and L(5,8). For the meaning of the points see fig.6.
function of the quark ones, measured in terms of the lattice spacing a, which is known with an error of
about 1.2%. Current quark masses and those of lattice are proportional [18], so we write the bare meson















B0C(a)a(mˆ+ 2ms) , (5.59)
and treat B0C(a) as a free parameter in our fits to the three flavour runs of ref.[17]. Notice that the
constant C(a) depends on the the lattice spacing a and its dependence can be found in ref.[19] at the
two loop level. Previous calculations at the one loop level [18] gave a value for mMSs (2GeV) = 76 ± 8
MeV, to be compared with the latest value given in ref.[19] mMSs (2GeV) = 87± 6 MeV. This substantial
shift comes from the improvement in the determination of C(a) and we use the two loop result of ref.[19].
Ref.[17] gives the so called “coarse” lattice runs with acoarse ≃ 0.12 fm, and the “fine” lattices with
afine ≃ 0.09 fm. Making use of ref.[19] we then determine that,
C(afine)/C(acoarse) = 2.76/1.85 = 1.49 , (5.60)
for µ = 2 GeV. From this relation we fix C(afine) in terms of C(acoarse) and take the latter as free
parameter, which will be referred in the following just as C. At this point we take advantage of the fact
that the constant C does not depend on the value of the quark mass in very good numerical accuracy
(at the level of 0.1% [18, 19]) and we use the same value for all the lattice runs. We solve eq.(2.46) for
the kaon and pion masses given by lattice QCD in terms of the quark masses used in the corresponding
run by the MILC Collaboration [17]. For the lattice M2K and M
2
π points the only free parameters are































K . In the fit
we do not consider the two points of the fine lattice run with mˆ/ms = 0.0124/0.031 = 2.5 because it
implies a rather heavy pion with a mass of 470 MeV [17]. This would require refit the parameters of our
T-matrix to this lattice world of heavy pions. Of course, this refit cannot be performed because the data
on inelasticities and phase shifts are not provided in ref.[17]. We then restrict ourselves to the case of
lighter pions with ms/mˆ ≤ 5.






















physical point physical point
Figure 9: Lattice data from the MILC Collaboration [17] and their reproduction by our parameterization. The
masses are given in MeV. The size of the squares corresponds to a relative error of 1.2%, the one given to a in
ref.[17]. The circles refer to our calculations for the coarse lattices and the triangles for the fine ones. The physical
mass values are signaled out by an arrow.
In fig.9a, b we show the reproduction of the lattice points [17] and of the physical values for the pion
and kaon masses, respectively. The size of the squares corresponds to a relative error of 1.2%, the one
given to a [17]. The circles correspond to our points for the coarse lattices and the triangles for the fine
lattice runs. The arrows indicate the values of the physical kaon and pion masses. We reproduce very
well the lattice data, despite the very small error, of about 1%. It is also worth stressing at this point
that we also reproduce simultaneously all the scattering data given in fig.1.
From this fit we get the values,
2Lr8 − Lr5 = −0.52 ± 0.43 , 2Lr6 − Lr4 = −0.20 ± 0.17 , (5.61)
where, as usual, the errors come from the variation of µ and the parameters of the S-waves from ref.[14]
within a Monte Carlo code. In fig.10, over the same plot as in fig.6, we show by the solid ellipse the one
sigma region for L(4,6) and L(5,8). We also see in this figure that this region is well inside the favoured
one determined in section 4 and denoted by the stripped area.
These values can be compared with the results of the works shown in table 3 and with the result from
the MILC collaboration [62] 2Lr8 − Lr5 = 0.16 ± 0.2, 2Lr6 − Lr4 = 0.4 ± 0.4, given by the solid point in
fig.10. We agree with both combinations of LECs at the level of one σ, although our numbers are on the
lower side.
The corresponding ratio of quark masses is then,
ms
mˆ
= 25.6 ± 2.5 . (5.62)
22
This value is in perfect agreement with 24.4±1.5 from ref.[21]. Even at the level of the central values the
difference between them is smaller than the error bars from both determinations. The previous result is
also in agreement, at the level of one sigma, with the value 27.4 ± 0.5 determined in ref.[18] by taking
down to the physical values of the lightest quark masses the lattice results on the pseudoscalar masses
from the MILC Collaboration with Staggered CHPT. However, the difference between the central values
of rm of eq.(5.62) and ref.[18] is rather large, 2 units, particularly when compared with the error of 0.5
from ref.[18]. At this point, it is worth stressing that we have been able to give, with a non-perturbative
chiral parameterization, a remarkably good reproduction of the lattice data, see fig.9, while giving rise
a value for rm significantly smaller than that of ref.[18] and in the range of values previously predicted
from CHPT and phenomenology [21]. Thus, we certainly can conclude that it is not a necessary feature
of the lattice runs of pseudoscalar masses by the MILC Collaboration [18] having a significantly larger
ms/mˆ value than that previously determined in ref.[21].








K= 456.2 ± 20.8 . (5.63)
From the values of eqs.(5.61) and (5.63) one solves eq.(4.58) for L(7,8) with the result,
L(7,8) = −0.6 ± 0.6 , (5.64)
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Figure 10: Contour-plot for rm = ms/mˆ as a function of L(4,6) and L(5,8) showing also our point from the result
of the fit to lattice data together with our theoretical uncertainty represented by the solid ellipse. The
dashed ellipse represents the value for the LECs, within uncertainty, needed to reproduce the bare masses
obtained with the full dynamical model of section 3. On the other hand, the solid point corresponds to
the lattice extrapolation from Staggered CHPT [62].
The dashed-ellipse in fig.10 represents the value for the LECs needed to reproduce the results for
the bare masses in the full dynamical case of section 3. These values are 2Lr8 − Lr5 = −0.78 ± 0.25,
2Lr6 − Lr4 = −0.20 ± 0.12. For the latter LEC one gets the same value as in eq.(5.61) while for the
23
former the central value is almost one sigma smaller than that of eq.(5.61). From there one can conclude
that dynamical scalar resonance saturation of L(4,6) is very good but poorer for L(5,8), although still
compatible within errors.
On the other hand, it is worth mentioning that in the fit to the unphysical points of lattice the
dependence on the bare masses of the pseudoscalar decay constants fπ, fK and fη, generally called fP ,
could play a role. We have then also performed fits to the lattice data recalculating the fP in terms of the
O(p4) CHPT expressions for fP as a function of the bare masses, with values for Lr4 and Lr5 such that at
the physical point the constants fP have their physical values. As we have checked, these considerations
affect little the resulting fit and the results are well within the uncertainty bounds quoted before.
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Figure 11: Contour-plots for the ratio of the O(p4) CHPT contribution to the pion mass over the O(p6) and
higher order contribution, as function of L(4,6) and L(5,8).
We also explicitely show in table 4 and in figures 11, 12 and 13 the relative sizes of Σ4χP and Σ
H
P . In
the figures we observe that the ratio between the O(p4) and the O(p6) and higher order contributions
is quite sensitive to the LECs considered. The fact that ΣHP is larger than Σ
4χ
P is in agreement with
ref.[57] that performs an O(p6) calculation in CHPT of the pseudoscalar masses. Indeed, the sizes of our
self-energies from ΣHP are rather similar to those determined in this reference to O(p6). Ref.[7] obtains:
Σ6χπ /M2π = 0.132 − 0.355, Σ6χK /M2K = 0.194 − 0.423 and Σ6χη /M2η = 0.234 − 0.521. These values are well
inside our bulk of results for ΣHπ /M
2
π = 0.222 ± 0.04, ΣHK/M2K = 0.375 ± 0.07, ΣHη /M2η = 0.506 ± 0.09.
Thus, the calculations of ref.[57] to O(p6), although showing that this order is much larger than the
O(p4), does not imply necessarily the lack of convergence of the chiral series since our calculation,
estimating higher orders corrections by incorporating physical S-waves which include both resonant and
non-resonant physics, gives us values of similar size to those of this reference up to O(p6). We remark
that this statement holds only when the O(p6) are considered [57] and not for lower orders.
Finally, we have also performed a fit employing only the self-energies calculated at O(p4) in CHPT.
The result obtained from the fit to lattice data is 2Lr8 − Lr5 = −0.20 × 10−3, 2Lr6 − Lr4 = 0.13 × 10−3,
3L7 + L
r
8 = −0.08 × 10−3 and ms/mˆ = 28.8. This value for the quark mass ratio is quite different from
our full calculation and much larger than that of ref.[21], stressing again the idea of the important role
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P −0.0789 ± 0.060 −0.221 ± 0.087 −0.410 ± 0.193
ΣHP /M
2
P 0.222 ± 0.04 0.375 ± 0.07 0.506 ± 0.09
Σ4χP /Σ
H
P −0.355 ± 0.287 −0.589 ± 0.236 −0.810 ± 0.384
Table 4: Relative sizes of the O(p4), O(p6) and higher order contributions, Σ4χP and ΣHP , respectively, to
the self-energies.
6 Conclusions
We have undertaken a non-perturbative chiral study of the self-energies of the lightest pseudoscalar
mesons. In their evaluation the S-wave amplitudes obtained in UCHPT, that resum the unitarity cut
which is well known to be enhanced and responsible for large higher order chiral corrections, even at low
energies, are employed. In this way, our self-energies have accounted for such enhanced diagrams which,
among other phenomena, drive to the dynamical generation of the low lying scalar resonances.
The ultraviolet divergences of the scalar self-energy loops have been properly renormalized by sending
to infinity a three-momentum cut-off and removing the power like divergences together with the inclusion
of a renormalization scale µ. The latter is allowed to vary between 0.5 and 1.2 GeV in order to account
for differences in the renormalization scheme. We have made use of a dispersion relation representation
of the scattering amplitudes in order to single out analytically the divergent terms in the evaluation of
the loops with our full non-perturbative S-waves.
Employing first our approach without matching with the O(p4) CHPT self-energies we obtain purely
dynamical self-energies. The main conclusion from this part is that most of the physical pseudoscalar
masses comes from the bare masses and the dynamical contribution is rather small for the pion and the
kaon, although more significant for the eta meson, around 25%.
We then include the O(p4) CHPT self-energies and resum the higher order contributions within our
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Figure 13: Same as in fig.11 for the eta.
L(7,8) from the literature [61, 57], we have then derived an allowed region for 2L
r
8−Lr5 and 2Lr6−Lr4 from
the study of the π, K and η masses.
Next, we have given a very good reproduction of the three dynamical fermion lattice data on the
pseudoscalar masses from the MILC Collaboration [17] at the level of 1.2% error. We then obtain from
our non-perturbative chiral extrapolation ms/mˆ = 25.6 ± 2.5, that has a central value compatible with
that of ref.[21], previously given. This shows that the MILC data on the pseudoscalar masses do not
necessarily imply the significantly larger value, 27.4 ± 0.5 [18], for ms/mˆ than that of ref.[21]. We have
also derived from the fit to lattice data the values 2L8 −L5 = −0.5± .05 and 2L6 −L4 = −0.2± 0.17 in
units of 10−3 for the O(p4) CHPT LECs, well inside the region previously favoured.
Other interesting result from our investigation is that although the O(p6) contribution to the self-
energies calculated in three flavour CHPT [7] is much larger than the O(p4) one, we still obtain self-
energies of similar values to those of ref.[7] including our estimated higher order corrections. This seems
to indicate that the chiral expansion in the calculation of the self-energies is not spoiled and the values
obtained tend to stabilize once the O(p6) is taken into account.
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